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Abstr8d-Strength measurements ofglass disk substrates were made by ring-on-ring flellural testing.
The non-linear problem of a disk undergoing a large deflection in ring bending was solved approlli
mately by avariational method. The solution has the minimum total energy and satisfies the required
boundary conditions. Deflection. stress and strain distributions are evaluated as functions of the
ellternalload in terms ofseven parameters related to sample material and geometry. Good agreement
between ellperiment and theory has been obtained without any adjustable parameter for a glass
disk of Corning Code 0313.

NOTATION

D nellural rigidity = [E/'/12(I-v~)1

.1 Div. Grad.
E Young's modulus
F free energy
v Pois.~on·s ratio
IJ 1+ v/I-v
P total load
q intensity of load
R, inner radius of a disk
Ro outer radius of a disk
RL loading radius
R. supporting radius
T total energy
t thickness of a disk
X stress function
w denection
Mr. M. bending moment
(1r' (1, stress
t:" f t strain.

Subscripts rand t refer to the radial and tangential (hoop) components. respectively.

l. INTRODUCTION

Glass is widely used as a substrate material of many devices. Mechanical strength of glass
is often a key factor in determining such applications. High-strength glasses are required
particularly for disk substrate. Glass is strengthened by chemical tempering which exchanges
the alkaline ions by ions of larger size. This induces surface compression of40-60 kg mm - 2

in a glass disk and makes the disk resistant to the external stresses by freezing surface flaws
(Bartholomew and Garfinkel, 1980).

A common method to measure the strength of glass is the modulus of rupture (MOR)
by which the maximum of the failure stress under external loading is determined. The
failure"load is dependent upon geometry of a sample and the measurement as well as on
the material parameters. In ring flexural testing in which a sample disk is pressed between
two concentric rings ofdifferent diameters strengthened glass usually undergoes a deflection
more than three times the disk thickness before it breaks. When the deflection is larger than
half of the disk thickness, the disk is deformed so as to change an area of its mid-plane
(Landau and Lifshitz, 1973). There is no neutral plane. In this case both bending and
stretching stresses come into play. This problem essentially involves a non-linear effect and
therefore cannot be analyzed by a linear elastic theory which is used for small deflection
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analysis. The non-linear effect occurs especially in the case of two-dimensional deformation
as in the ring bending of a disk. In contrast, for the case of one-dimensional or uniaxial
bending, such as deformation of a bar or a rectangular plate into a cylindrical surface, a
large deflection with a neutral plane is induced by bending without stretching and is
described by a linear modelling appropriately.

A non-linear stress analysis for a disk in different geometries has been reported by
various authors. Earlier works were reviewed in the book ofTimoshenko and Woinowsky
Krieger (1959). For ring-bending of a glass disk numerical solutions of the non-linear
equations were obtained by Kao et al. (197 I) for a solid disk. Connolly et al. (1989) did
the strength analysis of an annular disk using the finite element method.

In this paper we present the strength analysis of a high-strength glass disk under ring
bending using a variational method. This method makes it relatively easy to evaluate
analytically the physical variables in terms of the material and geometrical parameters of
the system. The experimental set-up and procedures are described in Section 2. The deflec
tion and the strains of radial and tangential components are measured for samples of a
Corning Code 03 13 glass disk on a ring-on-ring fixture in a universal test machine. The
non-linear problem of large deflection of a disk is solved by using a variational method in
Section 3. A solution of the minimum total energy satisfying the imposed boundary con
ditions is analytically derived. Deflection, stress and strain distributions are given as a
function of the external load in terms of the seven parameters that are related to the
material. sample size and geometry of the tcst fixturc. Theoretical and experimental results
are compared to dctermine the strength of a glass disk in Section 4.

2. EXPERIMENTAL \'ROCEDURE

2. I. Samplc.l·

The samples used in this experiment arc annular glass disks made of Corning Codes
0313 and 03 I7 glasses. Code 0313 glass is strengthened from Code 03 I7 by chemical
tempering and is commercially used as a substrate for memory disks. The material and
geometrical parameters of the samples arc listed in Table I.

2.2. ,.1Cl/surcmCf/ts

The ring-on-ring l1exural test was done with the INSTRON 4206 universal test mat.:hine.
The experimental set-up is illustrated schematically in Fig. I. A disk specimen is placed on
a supporting ring. The pressure is applied normally to the disk by pushing a loading ring
slowly. The loading ring has a diameter of 25 mOl and the supporting ring has a diameter
of 110 mOl. Both rings are made of stainless steel and have polished semi-circular cross
sections of 5 mOl radius in contact with the sample disk. Del1ection at the loading radius is
directly measured from the crosshead displacement. Radial and tangential components of
strain at five fixed radial points on the disk are measured simultaneously by Kyowa bi-axial
strain gauges glued on the lower surface of the disk. Deflection, load and strain data are

Table I. Values of parameters

Material parameters

Code 0313 glass Code 0317 glass

E 7300 kg mm-' 7400 kg mm-'
0.22 0.22

Sample parameters

¢ R1 Ro RL Rs
(mm) (mm) (mm) (mm) (mm)

I SC DOL
(mm) (kg (pm)

mm-')

130 7.5 65.0 \2.5 55.0 1.2 45 94

SC. surface compression; DOL. depth of layer.
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Fig. I. Experiment,11 sctup of the ring l1exuml test.

taken at I s intervals while increasing the applied load up to the failure load, with a
crosshead speed of 1.5 mm min I. Data acquisition is automated by an HP86B and a VAX
11/730 computer.

3. THEORETICAL ANALYSIS

When an elastic plate has a large deflection it is deformed by both bending and
stretching of the mid-plane so that the equilibrium state of the deformed disk is attained,
so as to minimize the strain energy of the plate due to bending and stretching under the
external load.

Analyzing a disk with large deflection is essentially a non-linear problem to which the
linear theory of small deflection is not applicable (Landau and Lifshitz, 1973). Here we will
solve the non-linear problem approximately by using the variational method which gives a
solution with the minimum total energy with respect to a deflection parameter.

Let us consider a disk with a central circular hole whose thickness is much smaller
than the diameter. Then, for circularly symmetrical deformation of the disk, we can use the
plane stress approximation neglecting the shearing stresses and the stress component along
the thickness.

The free energy of a disk under large deflection is given by

(I)

where the first term VI represents the strain energy due to pure bending of a plate and the
second term V2 the stretching energy of the mid-plane. The energy terms are expressed in
terms of radial and tangential components by

(2)

(3)

where the superscript s refers to stretching.
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The potential energy due to the applied load is given by

f
Ro

U"", -2rr qwr dr.
R,

(4)

Assuming that the loading ring has a sharp edge contact with the disk, the load intensity q
is approximated by a delta function

(5)

The total energy. F+ U. becomes minimal in the equilibrium state, so that the variation of
the total energy. J T, is zero :

(6)

Relation (6) leads to coupled non-linear equations for deflection and stress tensors.
Here we apply a variational method to solve eqn (6) analytically. Following the method

used by Timoshenko and Woinowski-Krieger (1959). we introduce a trial function for
deflection which satislics the boundary conditions for a disk under ring bending and includes
one parameter.

{

I for R. < r < Rl,

lI'i = 11'0(...1, + 8,r 2 + C, log r + D,r 2 log r), i"", 2 for Rl. < r < Rs
3 for Rs < r < Ro,

(7)

where the coemcients A.. 8" Ci and D, are determined by geometrical and material par
ameters of the disk as given by (A6) in Appendix A. The displacement field of a circular
disk for small deflection in the ring bending is represented by eqn (7) with the coefficients
which vary linearly with the applied load (Roark and Young, 1982). Thus, this trial function
extrapolates naturally to the linear solution of displacement field in the limit of small
deflection. We will evaluate the unknown parameter 11'0 from the condition of minimum
energy (6).

It is convenient to introduce a stress function for this purpose, as calculated in Appendix
B. Then, the radial and tangential stresses due to stretching arc given in terms of the stress
function by

I ex Q, E,
a; ""'-- "'" P, + "," - --, G,(r),

r ()r ,- 2,-

• iJ2X Qi E [ I ]
a,""'.;""""'P,--,-+~ -,G,(r)-F;(r) ,c,- ,- 1.'-

i"", 1,2.3

(8)

(9)

where the functions Fi(r) and G,(r) are given by eqns (B4) and (B3), respectively, and the
coefficients Pi and Qi are given by eqn (B6) in Appendix B. Integrating by parts each of the
three terms in eqn (6) with the boundary conditions. so that the bending moment and the
shearing force vanish at the inner and outer edges of a disk, we obtain the minimum energy
condition
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( 10)

where l5;j is Kronecker's delta. As detailed in Appendix B, the above integral is evaluated
to be

DClwO+tC3(wO)3+pCO = 0, (11)

where the parameters CO, C I and C3 are given by (B8).
In eqn (II) the linear term in wO comes from the bending energy [eqn (2)], the third

order term from the stretching [eqn (3)] and the constant term from the potential energy
of the extemalload [eqn (4)]. The equation has a real solution which is given by

with

and

P CO
ao = - 2t C3'

DCI
(1 = --" ...

I 31 C3'

(12)

(13)

(14)

where a~ +a~ > 0 and a I > O. The radial and tangential stresses due to pure bending at the
lower face of the disk are obtained from the moment by

and

b 6M, 6DwO [ (I - v) ]
(Ie =--',= --,-- 2(I+v)B;---,-C/+(3+v)D;+2(I+v)D;logr ,r to ,. (15)

(16)

where the superscript b refers to bending. The total stress is given by a sum of bending and
stretching stresses:

(17)

(18)

For elastic materials like glasses the strain is related to the stress by

(19)

(20)

The present approximation not only gives the results of the linear theory for small deflection
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in the small extemalload as mentioned before. but also describes dependence of deflection.
stress and strain upon P and the disk thickness t for large deflection. We can easily find the
asymptotic behaviors of these quantities for very small and very large values of P. Equation
(II) leads to liD ~ - P (CO DC I) in the limi t of small deflection which is proportional to
Pt - 3. For very large deflection, on the other hand. 11'0 is given approximately by
(- PCO(tC3) I. J which makes deflection proportional to (Pit) 13. The stress and strain due
to bending increase like Pt- C with small P as in the linear theory but they change like
pi Jtc J for very large values of P. On the other hand. stress and strain due to stretching.
which vary with (wO)C, increase like p cr 6 with small P and like (P!tfi3 with large P.

~. RESULTS

In this section we present and discuss the experimental and theoretical results for
Corning Code 0313 disks with a 130 mm diameter and 1.2 mm thickness. Values of the
related parameters are listed in Table I.

4.1. Deflection
Calculated distribution of deflection is plotted for ditTerent valucs of load in Fig. 2.

The overall del1ection between the two edges of a disk is several times larger than the
thickness.

Figure 3 shows the experimental and theoretical curves ofdel1ection versus the ex ternal
load at constant radii. A very good agreement between theory and experiment was obtained
for the curvc at the loading radius. Det1ection increases linearly with P for small values of
P and then much more slowly as P increases. One can see that there is an appreciable
deviation from the linear thcory as the del1cction exceeds roughly one half of the thickness.

4.2. Strain
Radial and tangential (hoop) strains have been directly measured at r = 9.0. 12.5.22.5.

40.0 and 62.5 mm by varying the external load. The experimental and theoretical values of
strain distribution are presented in Fig. 4. The tangential component of strain is larger than
the radial component in the inner half radii of the disk and increases rapidly toward the
maximum value at the inner edge of a disk. The calculated radial strain has a maximum

RADIUS {mm]

Fig. 2. Theorctical dcl1cction distribution at constant loads.
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Fig. 3. Deflection vs load at constant radii.

roughly at R = IS mm from which it decreases mpidly toward the inner radius but gradually
toward the outer radius. The theory reproduces the observed strain distribution in the disk
fairly well with some discrepancies in the vicinity of the loading ring and the outer radius,
as will be discussed below.

Figures 5a. 5b and 6 show the radial and t:.mgential strain curves as a function of the
external load p, respectively. The strain increases linearly with P in the beginning and then
much more slowly as P becomes larger. The slope of the tangential strain distribution near
the inner edge of a disk for large P is about 5 x 10- 4 mm- I. A drop in the observed strain

10 ill :ao 21S :10 • 40 ... lID .. 1IO ..
RADIUS (mmJ

0 EXP. RAOIAL AT P - 50.8 kg
0. EXP. TANGENTI AL AT P - !:IO.8 kg
0 EXP. RADIAL AT P - eO.4 kg
0 EXP. TANGENTIAL AT P - eO.4 kg

Fig. 4. Strain distribution at constant loads.
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curve near 80 kg is caused by partial detachment of a strain gauge from the disk when the
external load is close to the failure load.

The instrumental error for the measurement is estimated to be ± -rIo. In addition, the
Jimit of accuracy in positioning the strain gauge on the disk face is about ± J mm in Jength
and ±3° in angle in the present experiment. If the strain gauge is misaligned ± 3° in angle.
for instance. the observed radial strain component is increased or decreased roughly in the
order of 3% of the tangential component while the tangential component is decreased or
increased in the order of 3% of the radial component. The discrepancies between theory
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Fig. 6. Tangential strain vs load at constant radii.

and experiment at R = 9.00 and 40.0 mm as shown in Figs 5 and 6 are within the exper
imental errors. On the other hand. the observed radial strains at R = 12.5 and 22.5 mm.
which are located before and after the theoretical maximum point. respectively, deviate
from the theory beyond the experimental errors in magnitude and in sign. The observed
tangential strain at R = 60.5 mm also deviates from the theoretical curve more than the
experimental error in Fig. 6.

4.3. Stress
We now look at the total stress which is commonly used to determine the strength of

the material. Figure 7 gives a plot of stress distribution at constant loads. The tangential
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Fig. 7. Theoretical stress distribution at constant loads.
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stress is tensile at the inner edge of the disk and decreases monotonically to be compressive
at the outer edge. On the other hand, the radial stress increases rapidly from zero to the
maximum between the inner edge and the loading radius. and then decreases gradualI:
toward the outer radius of the disk.

Figure 8 shows the tangential stress of bending and that of stretching at the inner edge
of a disk as functions of P. The bending stress increases linearly with P up to P = 5 kg
whereas the stretching stress varies like p:. As P increases the stretching stress increases
more rapidly like p: 3 than the bending stress which varies like pi J.

In Fig. 9 radial and tangential stresses are plotted versus the external load at fixed
radii. Deviation from the linear relation between stresses and P is again significant for a
wide range of P.

It is known that fracture of a brittle material like glass occurs when the maximum
tensile stress becomes equal to the strength of the material. Our experiment has shown that
the fracture of a sample disk in this type of test always originates at the inner edge. The
strength can be estimated from the curve of Fig. 8 for the observed failure load of 80 kg.
The strength value so determined is 49 kg mm -:. On the other hand. the strength of Code
0313 glass is roughly given by a sum of the strength of untreated glass (Code 0317) and the
surface compression produced by chemical tempering. The strength of untreated glass
measured by a ring flexural test is about 15 kg mm : on the average for a 130 nlln disk.
The surface compression due to chemical tempering is 45 kg mOl : as measured by the
optical method (Kishii. 1979). Thus the expected strength of Code OJI3 glass is 60 kg mm :
which is larger than the strength estimated from our ring flexural test. and predicts a failure
load of 118 kg.

5. DISCUSSION

Our results show that a high-strength disk umkr ring bending experiences a large
deflection and is properly described by the non-linear theory. A variational method was
applied to solve the non-linear problem approximatdy. The solution has the minimum total
energy with respect to a deflection param~ter and mct:ts the rt:quired boundary conditions.
The neglect of the shearing stresses. f et and fill' and the stn:ss component (1" art: wdljustitled
in the present case where the ratio of the thickness to th~ outer radius of th~ disk is as small
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as 0.02; as discussed in detail by Timoshenko and Woinowski-Krieger (1959) and Love
(1906). Good agreement between theory and experiment. without any adjustable parameter.
in deflection versus load indicates that our solution adequately approximates the real
solution. The theory also explains the observed distribution and load dependence of strain
satisfactorily within experimental error. However. the observed radial strain distributions
at 12.5 mm arc more than 10% larger. and those at 22.5 mm are likewise smaller than. the
theoretical predictions. In the actual set-up of the ring flexural test. the loading and sup
porting rings have a semi-circular edge which has a finite surface of contact with a disk
instead of a sharp edge contact used in our model calculations. This leads to a slight
reduction of the theoretical tensile stress at the lower face of the disk under the loading ring
and therefore gives additional discrepancy of the experimental results from the theory
(Timoshenko and Woinowski-Krieger. 1959). The stress magnification of a disk under the
loading ring was reported in the experimental works by Rosenfield (1979) and reproduced
by the finite element analysis of Ritter et al. (1980).
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APPENDIX A

We calculate a trial function for deflection which satisfies a linear homogeneous equation

A' ... = O. (AI)

and the boundary conditions

(d'''' "d"');\ct,= -D -, +-- =0dr , d,

... =0

at , = R,

at , = R,

at , = Rs .

and

and

(A2)

(/\3)

(A4)

We look for a general solution of eqn (A I) separately for three regions of radius as expressed by

1
1 for R, ~ , ~ Rl

". = ",O(A, + B," + C, log'+ D," log r). i = 2 for Rl ,.; , ~ Rs

3 for Rs ~ r ~ Ro ·

(A5)

As deflection and moment must be continuous in the whole disk 11'. d",/dr and d'w/d,' are continuous at , = R,
and Rs.

The coefficients A.. B,. C and D, in eqn (A5) arc determined so as to satisfy the five bound'lry conditions.
(A2)-(A4) and the six continuity conditions. The coefficients are given by

II, '" A:+(B, -B,)R,: +(C: -(',) log Rl. +D:R,' log R, .

I [, (Rl ) I . ,]H, = ---;--, R,} log ._ .. - .,.- (R, - RO .
R.,-Rj R, ~It

(', '= 2jtRiH,.

D, '= O.

A, '= -H,R~-C: log Rs-D,R~ log Rs.

I [. . (R~-Ri)JH, '" - "'-'-' R', log Rs - Rj log Rl +--.-. --_. - I
. Ri.-R,"· 21t'

D, = 1.

A, '= -8,(R~+2jtR~log Rs).

I [, (Rl.) ( , , ]
H, '= R' _ R ' R i log -R -,- (R;;, - R0 .

o I S -It

C, = 2I,Ri,B,.

D, = O.

APPENDIX B

(M)

In the absence of the external radial force. the stress due to stretching is induced by bending. The stress
function in this case satisHes the differential equation

/' E (dW)'-(AX) = -- --- .t'r 2, d,

Integrating the above equation with trial function (A5) we have

':x Q, E
- .. = p, + - - - G (r)0' , r 2,' .

(BI)

(B2)

where subscripts i refer to each of the three regions defined in eqn (A5) in Appendix A. The function G,(r) is given
by an indefinite integral

G,(r) = f,F,(r)d,. (B3)



Non-linear ftexure testing

with

fl (dW,)~
F,(r) = ; ""dr"" dr.

The boundary conditions are that the radial stress vanishes at the free end.

qb = ! ex = 0 at r = R, and Ro.
r r cr

1197

(84)

(8S)

In addition. the radial and tangential stresses should be continuous at the boundary between the two regions.
This gives four conditions for x. namely that ex/or and o:xJor z are continuous at r = RL and Rs. Then a
straightforward calculation leads to

E
P, = P:- "4(Fz(Rd-F,(RLl).

E ERl
Q, = Qz- I(Gz(RL)-G,(Rdl+ -4-(Fz(Rd- F,(Rdl.

P: = - 2(R~~Rt) {G,(RI)-G,(Rd+G:(Rd-Gz(Rsl+G)(Rs)-GJ(Ro)

(R.:-Ri.) (R~-R~) }
- 2 (F,(Rd-Fz(Rdl+ 2 (F)(Rs)-Fz(Rs)l.

E {. •Q: = 2(R,; _ R,:) Ro(G ,(R,) -G ,(RL)+G:(RLlI - RiIGl(R,) -G )(R,) + G)(Ro»)

R:(R z R:) R:(R l R l ) }
- " ~ - I. (F,(Rd-F:(Rdl+ I ';- , (F,(Rs)-Fz(Rs)1 .

E
p) = PZ-4(Fl(Rs)-F,(Rs)l.

£ £R~
Q. = Qz- 4" (Gz(Rs) -G,(Rsll +-,i"- (Fz(Rs)- F,(Rs»)·

The integral given by eqn (10) in Section 3 i~ now written with the above equations as

DC 1...0 + tC3(hi»·' + PCO = O.

where

C
_ w:(Rd

0- 2ltwO •

CI = _ 4Wl(Rd
hi> •

(86)

(B7)

(B8)


